Abstract: Using the theory of electromagnetic scattering of a uniaxial anisotropic sphere, we derive the analytical expressions of the radiation forces exerted on a uniaxial anisotropic sphere by an off-axis incident Gaussian beam. The beam's propagation direction is parallel to the primary optical axis of the anisotropic sphere. The effects of the permittivity tensor elements t ε and z ε on the axial radiation forces are numerically analyzed in detail. The two transverse components of radiation forces exerted on a uniaxial anisotropic sphere, which is distinct from that exerted on an isotropic sphere due to the two eigen waves in the uniaxial anisotropic sphere, are numerically studied as well. The characteristics of the axial and transverse radiation forces are discussed for different radii of the sphere, beam waist width, and distances from the sphere center to the beam center of an off-axis Gaussian beam. The theoretical predictions of radiation forces exerted on a uniaxial anisotropic sphere are hoped to provide effective ways to achieve the improvement of optical tweezers as well as the capture, suspension, and high-precision delivery of anisotropic particles.
Introduction
Since radiation force was first applied for the optical acceleration and trapping of a particle in 1970, as first reported by Ashkin [1] , optical tweezers have attracted considerable attention due to advantages such as the capability to hold and manipulate particles, such as biological cell, with micrometer and sub-micrometer dimensions non-intrusively. Optical tweezers have been comprehensively applied in various fields such as physics, biology, engineering dynamics, and so on. Subsequently, Ashkin produced remarkable studies on these [2, 3] . On basis of his works, many other researchers also investigated the radiation forces exerted on spherical particles of various sizes using different methods.
For a particle much smaller than the incident wavelength ( d λ << ), the Rayleigh dipole approximation (RDA) is employed to calculate radiation forces. Radiation forces exerted on a dielectric sphere in the Rayleigh scattering regime were studied by Harada et al. [4] in 1996. Conversely, for a particle much larger than the incident wavelength ( / 10 d λ > ), many scholars employed the ray optics theory (ROT) as it is most applicable to radiation force calculations. In 1991, Bakker Schut et al. [5] investigated the validity of ROT for calculating the stability of optical traps, making comparisons with experimental results on axial radiation forces. In 1995, Gauthier et al. [6] demonstrated that the axial and radial forces applied to micrometer-sized spheres could be obtained from ROT. In 1996, Wohland et al. [7] researched on the influence of polarization on axial and lateral forces exerted by optical tweezers. Meanwhile, in 1998, Shojiro et al. [8] analyzed the axial force acting on a dielectric sphere in a focused laser beam using ROT. For a particle whose size is of the order of the incident wavelength, both the RDA and the ROT are not applicable because the diffraction phenomena cannot be neglected. The generalized Lorenz-Mie theory has been proposed and developed by Gouesbet et al [9] , Ren et al [11, 12] , and Lock et al [13] to calculate radiation forces. An equivalent alternative is available from Barton et al [10] Using GLMT, Nahmias et al. [14] analyzed the radiation forces in laser trapping and laser-guided direct writing applications. Martinot and Pouligny et al [15] also studied the forces exerted by a Gaussian laser beam on a small dielectric sphere in water as a function of beam-off centre. The GLMT was justified to be a complete beam scattering theory for particles of all sizes. With the development of optical tweezer technology, these instruments have become applicable to more fields, such as in the manipulation and capture of cells and large molecules in biology, preparation of photon crystals, facture and process of minitype apparatus, laser refrigeration technology, and so on. In previous literatures, theories and experiments on radiation forces focused on the homogeneous isotropic spherical particles.
Recently, the anisotropic medium has drawn growing attention due to its applicability in the fabrication of microstrip devices, microstrip circuits, and microwave engineering, to name a few. However, published works on radiation forces exerted on anisotropic particles are extremely scarce. The scattering characteristics of a uniaxial anisotropic sphere, by a plane wave were investigated by many scholars [20] [21] [22] [23] in past decades. Researchers from our group recently studied the scattered, internal, and incident fields of a uniaxial anisotropic sphere by an on-axis, off-axis, and arbitrary orientation incident Gaussian beam [24, 25] , and analyzed the electromagnetic scattering by uniaxial anisotropic biospheres as well [26] .
In view of the distinct internal field of the anisotropic sphere from that of the isotropic sphere, the axial radiation force exerted on an anisotropic sphere may represent different properties. The two transverse components of radiation forces exerted on an anisotropic sphere may be inconsistent without the symmetrical property in the transverse direction as the isotropic sphere. Therefore, it is critical and interesting to exploit the radiation forces exerted on a uniaxial anisotropic spherical particle by an off-axis incident Gaussian beam.
Based on the GLMT [9] and scattering coefficients of a uniaxial anisotropic sphere scattered by an off-axis Gaussian beam [24, 25], we have studied the axial and transverse radiation forces exerted on a uniaxial anisotropic sphere. Moreover, utilizing the orthogonality of associated Legendre functions and trigonometric functions, the analytical expressions of the two kinds of radiation forces are derived. The effects of radius, beam waist width, and permittivity tensor elements t ε and z ε on axial radiation forces are numerically analyzed in detail. Some selected results on the transverse radiation are also numerically discussed. Time dependence of the form exp(
is assumed and suppressed, where ω is the circular frequency.
Scattering of a uniaxial anisotropic sphere by an off-axis Gaussian beam
Consider a homogeneous, uniaxial anisotropic sphere of radius a centrally located in a spherical coordinate system. The primary optical axis is coincident with the z-axis. As Fig. 1 illustrates, the particle is illuminated by an x-polarized at the waist Gaussian beam In terms of spherical vector wave functions (SVWFs), the incident Gaussian beam can be expanded in the particle coordinate system Oxyz as [25] (1)
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Meanwhile, the permittivity and permeability tensors ε and µ of uniaxial anisotropic sphere are characterized by
The internal fields can be expanded in terms of SVWFs using the Fourier transform method, as [20, 24, 25]: 
N r L r (10) where the expressions of the coefficients 
In Eqs. (9)- (11) 
where the unknown expansion coefficient mn q G ′ can be solved through incident expansion coefficients [25]
Where
Radiation forces exerted on a uniaxial anisotropic sphere
According to the classical electromagnetic field theory, laser beams carry energy and momentum. When a strongly convergent laser beam illuminates a particle, part of the momentum will be transferred from the laser beam to the particle due to the process of scattering. It will be represented through the radiation force received by the particle [10],
where 0 ε and 0 µ pertain to the permittivity and permeability of the surrounding medium, respectively. dS denotes the surface element at a close spherical surface of the surrounding particle. 
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Numerical results and discussion

Axial radiation force
To verify the correctness of our method, the axial radiation force exerted on a uniaxial anisotropic sphere reduced to an isotropic sphere is calculated and compared with the experimental results (the curves are denoted by Static measurement and Dynamic measurement) obtained by Schut et al. [5] and ROT results from [5, 8, 16 ] shown in Fig. 2 . It can be concluded that both the rigorous analytical approach in this paper and the ROT can predict radiation force. However, the results from our method are more agreeable with the experimental results, especially the peak value of the axial radiation force. This may be attributed to the fact that the ROT absolutely neglects the effect of the diffraction while the parameter size of the particle is not very large compared with the incident wavelength. Note that 0 100mW P = , d denotes the distance of the sphere center from the beam center. The remaining figures possess similar conditions as well. w . It can be found that for a strongly focused beam (here w 0 < 0.4µm) the axial radiation force F z is negative around d = 1µm and positive elsewhere, i.e. in a small region after the beam waist, the uniaxial anisotropic sphere is attracted by the beam to the opposite direction of the propagation. This situation may indicate that the uniaxial anisotropic spherical particle can also be captured by a focus Gaussian beam, which is similar to the capture trait for isotropic sphere [5] [8] [12] . As 0 w increases, the positions where F z take maximal value shift slightly to the beam waist center and the minimum of F z decreases, however, the form of the curves exhibits little change. . This property of a uniaxial anisotropic sphere is very different from that of an isotropic sphere described in [8] due to their distinct internal electromagnetic fields. Such property of a uniaxial anisotropic sphere is very different from that of an isotropic sphere, which can be captured only above the beam waist center. This phenomenon has been studied by many researchers [4] [5] [6] 8, 12] . By introducing an improved standard scheme to compute the standard BSC, Polaert et al [32] also illustrated a reverse radiation forces exerted on an isotropic sphere with perfect Gaussian beams. However, Gaussian beams do not possess the best structure for producing such forces. As the value of t ε increases, the bound position and area denoted by the values of d increases; as the value of z ε increases, the extremum of values of z F will become very large because of the massive increase in scattering force. According to dualization between the permittivity and permeability tensors in a uniaxial anisotropic sphere, the effects of permeability tensor components on the axial radiation forces may be similar to that of permittivity tensor components. Thus, these will not be analyzed in detail due to length restrictions.
Transverse radiation forces
In this section, transverse radiation forces are calculated when an off-axis Gaussian beam incident at a uniaxial anisotropic sphere. In Fig. 9 , the transverse radiation forces z and beam waist widths 0 w . It can be observed that as the sphere center moves away from the beam waist center along the beam axis, the peak values of x F decrease when the secondary extremum exhibits little change. Thus, the uniaxial anisotropic sphere will not be bound in the transverse direction when the distance between the sphere center and the beam waist center along the beam axis is very large. As beam waist width w 0 increases, the secondary extremum of x F gradually disappears, allowing the uniaxial anisotropic to be bound more easily in the transverse direction. A comparison of Fig. 10 with Fig. 3 indicates that the uniaxial anisotropic sphere will be captured more easily when 0 w is very small; however, the sphere may be very difficult to be bound when 0 w is very small ( 0 0.2µm w = shown in Fig. 10 ). We need to consider both the axial trapping and the transverse trapping to select a beam waist width for a uniaxial anisotropic sphere with different radii, permittivity, and permeability if we intend to capture a uniaxial anisotropic spherical particle in a practical experiment. 
Conclusion
The analytical expressions of radiation forces exerted on a uniaxial anisotropic sphere by an off-axis Gaussian beam are derived. The primary optical axis is supposed parallel to the propagation direction of the incident beam. The effects of the position, the radius, the permittivity and the permeability tensor elements of the particle as well as beam waist width on the variations of axial and transverse components of radiation forces exerted on a uniaxial anisotropic sphere as function of the distance between the beam center and the sphere center are numerically studied in detail. It reveals that the properties of the radiation forces of a uniaxial anisotropic sphere are different from that of an isotropic one. The developed theory and the numerical code presented in this paper aim to provide a useful tool for the theoretical and experimental study of trapping or manipulating uniaxial anisotropic spherical particles. Radiation forces exerted on a single or multiple uniaxial anisotropic spheres by an arbitrary direction incident Gaussian beam will be discussed in our future research.
